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Recull the completion Theprom *
Dot Let (X.d) be o mtric spuce. A compleblon o3 (X.d)
is o tetric space (Y, ) Hogethoy with o mop £ X— Y sch fhot
D (Y, p) is Complete
(D & is on isometric embedding ,d.c.
Vx,xe X, d(xxy = PLB®, 200)
@ Fw=Y
Thw EW\/ wetrc gpoce  (X.d) has o completion
Proas - Step 1: et (C00),Mlo) be the vomad spuce 8 real-voled
bowdeel Continvaus Fimcbions on X Show Hhat i1 is complete. (Q1)
Step 22 Cotsthct an fsomdic embelding 27X = CTX) (Q2)
Step 3¢ Pefine N = 200 S COO with indasd novm M1l
thn (N, F:X—>Y) Is o completion of (K.,



Q1) (Hw6,@9) Show that [CX), 1) s complete
Col) Let (£2) € CX) he o Casehy sequence.
S Ver0, INGN st W mueN, Ha-Tull. <&
Ve X, [fo-£,000 < [ full. <5
oWk €K, (VSR s o Cauchy sequonce.
By completencss 8 IR, thue exists o anique YeR st |mhio=y,
Defie T8 X—= R by Flow=ye.
We Siist show Hhat T conveogis to 5 viifornly -
Ushy above uotactions, [ Fab0 ~Fnto| < £
Take m—o w0 @ | Tulo-F0| £ € Ve, VxeX
Jo Tacomvtrgs to £ uifomly on X
Tharefoe, by Exchange Therm . F s bonndd continvows .
S Ke 0 Ao, os Urlgatle <0, B Se=5
6 ey e 00 e (COO, 1LY s complete.



Q2) (HW6 , Q1) Conbuct on isomatric embddig & X Cx),
Sol) Fix pe X : YxeX, defme fir X = R by
Fe@= dz,0-dz.p)
We $ist chow that £, € C(X) -
® Bomded ¢ Yze X, |Fil2]= [dzw-depl < dap
W) Unifowy  Gottinoons : V2,2 X,
£~ 5| = | (dzo-dep)=[dzn-dep)]
<\ dew-dgo|+|d.p-depl
< dzz)+dizz)= 2di2)
S Vero, chne §= & 50 the V2,2 eX with

dz2)< § , [Fuld- %60 ¢ 2dB2) <&

S WxeX, § &)



Depoe 2+ X CX) by FEoo= |
Tt sfstes to show Thot B 1 o lsomtine eubodding -
YV xyeX, 1$- 51l = doeyd
1€]: Yz e X, 5@ -5l = \dz0-dap) - dzy -dizp))
= [dz.x)-dezy| £ diuy.
SRl < dixy
[21: Toke 2=y, then T~ 5,00 =diy.x)- Ak = dixy
- flle > doey)

H,wu,, l\’ﬁﬁfy“w = J(x,y)



Q3) (HWe, Q10) Let X= /N bo the st 8 positie inter
with wetie  d: [N IN = R dofned e
din, m) = [£-&l
a) Show thit (IN,d) is ot complete
b) Constwet o comletion ((.P) . :N—Y)
ct- Y N3 Is a sinleton oot
Solt ) Consider () = (n) € N/,
D 00 is o Cuohy seqrance: Tollows from the fut thet
(®) €/R is o Cuchy segetmce.
@00 dverges in N Suppose it commrgn 0 e,
Thew  cliovse a=z+1;, 3 New st V3N,
donng) = |5 k) <o which & o couadiction

Ly chous:'v_.y nN= Mmax {N,Yl.,-H“}), as

L L l . L

Lo
|%-wl 2 W hal T moen > 2%



W) Defie Y=/ UL} with metre P:Y-Y =R
defined o5 () PUM) = dinm) = |h-h| Vumen
(D) Proo) =5 = Ploo,ny, ¥ nedV
(i) Pl 00):= O
than [, P) s o metrle spuce.
D (Y P) & complete: defbe an fconutric embedding

P Y — R ky{?/ﬁ(ﬂ) nelNV

Thon \;y deginition of P, Z s on isomstt embedding .

Mewee , Z00 SRk complete ! Memuhile

2N = TN =F s an kowetre fsomorphism
(P s complete
W DSwe BN =Y by hubsion: Eowsn
Thon clearly BIs an [somatrtc embedfing, md EUNI=INV 2

O Y\VB(NY= 4o} (s o sholeton get.



