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Recall the completion theorem :

Def Let IX. d) be a metric space .
A  completion of IX. d )

is a metric  space
l Y

, p ) together with a  map Io : X - s Y such that

⑦
l Y

, P ) is  complete .

②
E is  an isometric  embedding ,

i.e .

VX
,

X
'

E X
, d I x.  x

'

) = p C Bad
.

Bex 's )

③ Text = Y

Than Every metric space ( X. d ) has  a completion .

Proof : Step I : let ¢CX ) , Holla ) be the normed
space

of real - valued

bounded continuous  functions  on X
.

Show  that it is complete .
(Q1 )

Step 2 : Construct an  isometric embedding Io : X → CBH) IQ2 )

Step 3 : Define Y is FIX ) E Cblx ) with induced norm Holla

then C Y ,
Io :X → Y ) is a  completion of Hid )

.



Q1 ) I HW 6. Q 9) Show  that ICKX )
,

Hills ) is complete .

Sol ) Let Hn ) E Cbd ) be a Cauchy sequence .

c

'

. V-E > O
.

IN E IN at .

V-m.MN
,

Hfn - fmllao LE

.

'

.

VXEX
,

lfnlx ) - -5mW IS Htn
- FmHas CE

.

'

. Vx EX
,

( Tnk ) ) EIR is  a Cauchy sequence .

By completeness of IR
,

there exists  a unique HERsit .linmfnlxseyx

Define f : X → IR by This :=y× .

We first show  that In converges  to -5 uniformly :

Using above notations
,

Hnk ) - fmlxsl s E

Take me  too : I Tnlx ) - full E E
,

V nz N
, Vx EX

,

'

.

Tn  converges to -5 uniformly on X
.

Therefore
, by Exchange Theorem

,
f is bounded continuous

.

.

'

.
SE CKX )

.

Also
,

 as

I intHn --516=0
,

"
nm -5N = -5

.

'

.

Hn ) converges  in Cb CX)
,

hence I Cblx )
,

Hallo) is  complete .



Q2 ) l HW 6
,

Q It ) Construct an  isometric embedding E :X 's CKX)
.

Sol ) Fix p
E X s tfxex

,

define Tx : X → IR by

Tx Cz ) :c dlz
,

 x ) - dlz.pl

We first show  that I
.

E Cbc ) :

④ Bounded ! V-2  EX
,

Ifxlzsl = ldcz.xs-dcz.pslfdcx.pl

Uniformly Continuous : V-2
,

2
'

EX
,

I -5×12 ) - Ik 'll =/ ( dk.xl-dk.pl ) - I du 's  x ) - dczsp , ) )

⇐ Idk .  x ) - dcz
'

,
 x ) It ldtd.ps-dcz.pl

E d Lz ,  z

'

) t d 12,2
'

) = 2dL 2,2
'

)

.

'

. HE > O
,

choose 8 = Ez so
,

then tf 2,2
'

EX with

dcz
,  2K 8

,

txlz ) - 5×6 'll E 2 dlzz
' I LE

.

:
. Vx EX , I C- CKX )

.



Define Io : X → CKX ) by EN - I
.

It suffices  to show that Io is  an isometric embedding
:

tf x. y E X
,

It -5×-1
,

Has = days

[ E ] : V-2 E X
,

I -5×6 ) - fi
,

tell = I @lzxs-dcz.pD-ldC2.y ) -

dcz.ph/=ldcz.xs-dcz.yslEdlxiy
) .

:
.

It -5×-5 , Has S d IX.  y )

[ Z ] : Take z=y,
then -5×4) -fyly ) =day .

x ) - d Ckx ) = day )

-

'

 . HE - I
,

Has Zdcxiyl

Hence
,

HE - Ty Has = dlx
.  y )



Q3 ) ( HWG
,

Q 10 ) Let X= IN be the set of positive integers

with metric d : IN × IN → IR desired as

d In
,

m ) i  = It - Lmt

a) Show that ( IN
,

d ) is  not complete .

b) Construct a  completion ( l Y
, p )

,

Io : IN → Y )

s .  t . Y I EUN ) is  a  singleton set .

Sol : a) Consider C xn ) = In ) E IN
.

① C n ) is  a Cauchy sequence : follows  from  the fact that

( th ) C- 1/2 is  a Cauchy sequence .

( n ) diverges  in ( IN
, d) i

suppose
it

converges  to hoc . IN
,

then choose E= Ins
,

⇒ N EIN s . t . V  n 7N ,

dcn.no ) = It - hot

tho
,  which is  a  contradiction

by choosing h= Max IN
.

not  13

,
as

It - thot Z ht
.

- hot = no¥ , Z Trio



b) Define
'
F- IN u { 03 with metric p : 4×4 → IR

defined as lil Pln .  m ) = denim ) = It - tml
,

V-n.me IN

Cii ) pcn.co ) = In = plan )
,

tf  n EIN

Liii ) pls .  as ) :  - O

then LY
,

P ) is  a  metric  space .

① l Y , P ) is complete : define  an  isometric  embedding

I : Y → IR by g
Z Ink In

.

n  c IN

I Los ) = O

then by definition of P
,

I is an  isometric  

embedding

.

Hence
,

TENT E IR is  complete : Meanwhile

I : Y ⇒ Fly ) = EY ) is  an  

isometric
 isomorphism

! . l Y
,

P ) is complete .

Define Io : IN → Y by inclusion : Tech ) -

- n

then clearly B is  an  isometric  embedding ,

and BUN )⇒ NEY

.

'

.
41204N ) = Los } is  a  singleton set .


